at the fourth root of unity. From this we deduce the covariant derivative and the Riemann curvature. Next we compute the Dirac operator of this quantum group and we give numerical approximations of its eigenvalues.
introduction
The quantum group B q [SU 2 ] and the 4-dimensional differential calculus with left basis 1-form are defined in [5] . The goal of this article is to give the expression of the Dirac operator and of its eigenvalues.
First in the preliminaries, we give the description of the quantum group B q [SU 2 ] and the relation between its elements. We work here at the fourth root of unity which means that every fourth power of the elements of B q [SU 2 ] are 0 or 1.
Next we describe the right multiplication and the right coaction. Also, we define the Grassman variables (or 1-forms) and relations between its wedge products. Furthermore, we describe the relation between function and the Grassman variables.
As a consequance of the definition of the Maurer-Cartan form of this quantum group, we deduce the Maurer-Cartan equation. In addition we find the commutation relation between Grassman variables and each product of elements of B q [SU 2 ]. By the way we calculate the derivative of each product of functions. In any case, we find the projection on the Grassman variables of any function. Then we can compute the left and right coactions.
In fact there a Killing on this quantum which give the torsion and cotorsion equations. In other words, with the expression of the left and right coactions, we can deduce the spin connection in solving those equations. However, again with the expression of the left and right coaction, we can deduce the covariant derivative. Besides, with the expression of the covariant derivative, we find the Riemann curvature.
Moreover, with the expression of the spin connection and the antipode of this quantum group, we calculate the Dirac operator which is not similar to the one find by [7] . With the expression of each partial derivative in a well chosen basis from the expression of the right translation operator, we were able to calculate numerically the eigenvalues of the Dirac operator found previously.
This work is a copy of [4] which is done for C q [SL 2 ] instead of B q [SU 2 ].
Preliminaries
Here we fix notations in the conventions that we will use and do some preliminary computations, in Section 2.2. We let q 2 = 1. The quantum group A = B q [Su 2 ] has a matrix of generators u = α β β * δ (see [5] ) with relations
where µ = 1 − q −2 . The coproduct and counit ǫ have the usual matrix coalgebra form. We denote the antipode or 'matrix inverse' by S.
We will also work with the dimensional Hopf algebra A = B q [Su 2 ] reduced at q a primitive 4'th root of unity. This has the further relations
where
Note also that in the reduced case δ = α −1 (1+q 2 β * β) is redunant and dim(A) = 4 2 . in this case a basis of A is {α p , β r } for 0 ≤ p, r ≤ 3. Explicit computations are done via Mathematica for concreteness. Equations involving only the invariant differential forms do not directly involve the function algebra and are solved for all q 4 = 1 and q 2 = 1.
Exterior algebra
We take the standard bicovariant exterior algebra on B q [SU 2 ] which has the lowest dimensional (4d) space of 1-forms [5] . Thus, we take a basis {e . These also generate the invariant exterior algebra Λ and Ω = A ⊗ Λ. Hence e a , e b , e c behave like usual forms or Grassmann variables and
The relations among 1-forms are obtained by setting to zero the kernel of Ψ−id, where Ψ is the crossed-module braiding (see [5] ).
The right module structure on 1-forms is defined via the commutation relations
where [x, y] q = xy − qyx and α, β, β * , δ ∈ B q [SU 2 ].
Exterior derivative and Lie bracket structure constants
The differential on the exterior algebra structure is defined by graded anticommutator d= µ −1 [θ, } where θ = e a + e d . in particular
(1−q 2 ) and the negative powers of p, r, s are omitted.
Proof
From the commutation relation (3.5), we deduce the commutation relations :
These then give the commutation relations with basis elements as stated.
♠
From these, we easily obtain
obeying the Leibniz rule. Next, we will need the projectionπ : A → Λ 1 which characterises the above calculus as a quotient of the universal one, i.e. with df = f ∅π(f (2) ) for all f ∈ A. Here ∆f = f ∅ ⊗ f (2) is the Sweedler notation for the coproduct. Actuallyπ can be obtained backwards from d as follows. Let the partial derivatives
in particular, we obtaiñ
We use the formula (4.9) for the exterior derivative. For generic q we compute da separately. Finally, we need the braided-Lie algebra structure constants
is the right coaction converted to a left coaction and τ is the usual vector space flip. We have
We define by ad(e i ) = j,k ad(jk|i)e j ⊗e k , where we use the indices i, j, k to run through {e a , e b , e c , e d }.
Spin connection and Riemannian curvature
Still with q arbitrary, there is a natural ∆ R -covariant Killing metric in [7] of the form
where ρ =
is the natural choice for the Hodge * operator as explained in [3] .This is the local cotangent space of C q [SL 2 ] with θ an intrinsic 'time' direction induced by noncommutative geometry. We can add any multiple of θ ⊗ θ and still retain ∆ R -invariance. For any such invariant metric, we have symmetry in the sense
Moreover, the equations for a torsion-free and skew-metric-compatible 'generalised Levi-Civita' spin connection become independent of η and reduce to the torsion and 'cotorsion' equations [7] :
in these equations we write A(e i ) ≡ A i , and a generalised spin connection is given by four such forms A a , A b , A c , A d obeying (??). in principle there is also an optional 'regularity' condition as explained in [7] which ensures that the curvature is braided-Lie algebra valued. By the same arguments as above, this regularity condition can be written as
The connection is not in general regular.
Proof Looking first at the torsion equation, we see that the coefficients of A are all to the left and hence its functional dependence is immaterial. We write out the equations using the form of ad R and de a from (4.12) and match coefficients of a absis of Λ 2 . This is a linear system :
Because the relations between two forms and (5.19) we obtain the equations
With the help of mathematica, we find the only solution of this equations system which is (5.18).
♠
The covariant derivative Ω 1 → Ω 1 ⊗ A Ω 1 is comuted from [7] 
it obeys the usual derivation-like rule for covariant derivatives, so we need only give it on basic 1-forms. For the above canonical spin connection it comes out (in a similar manner to solving the torsion equation in Theorem 1) as
Finally, for any connection, the Riemannian curvature is computed from [7] Riemann = ((id
or equally well from the curvature F = dA + A * A : ker ǫ → Ω 2 of A. When the connection is not regular, the latter Yang-Mills curvature does not descend to a map Λ 1 → Ω 2 (it is not 'Lie algebra valued but lives in the enveloping algebra of the braided-Lie algebra). However, this does not directly affect the Riemannian geometry (it merely complicates the geometry 'upstairs' on the quantum frame bundle) ; in the proof of [7] Corol 3.8 one should simply omit theπ in the argument of F for the relation to the Riemann curvature.
Proof Direct computation using the relations in the preliminaries and the formula (5.22) for ∇. Note that Riemann is a tensor, so that Riemann(f e a ) = f Riemann(e a ) for all f ∈ A, i.e. we need only give it on the basic 1-form.

Dirac operator
The additional ingredient for a Dirac operator is a choice of spinor representation W of the frame quantum group and equivariant gamma-matrices γ : Λ 1 → End(W ). The spinor bundle in our case is just the tensor product A⊗W , which is the space of spinors. We take the 2-dimensional representation (i.e. a Weyl spinor) so a spinor has components ψ α ∈ B q [SU 2 ] for α = 1, 2
Since Λ 1 for a differential calculus of B q [SU 2 ] was originally given in the endomorphism basis {e β α }, the canonical gamma-matrices proposed in [7] are just the identity map in that basis. Or in terms of our above {e i } they provide the conversion according to if we take more usual linear combinations e x , e y , e z , θ (where e x , e y are linear combinations of e b , e c ) then the gamma-matrices would have a more usual form of Pauli matrices and the identity, but this is not particularly natural when q = 1 given that our metric is not symmetric.
Using the {e β α basis, the canonical Dirac operator in [7] is
Proposition 2. The Dirac operator for the canonical spin connection on B q [SU 2 ] in Theorem 1 is
Proof From (4.9) forπ, and the specific form of our spin connection from Theorem 1, we have
We then convert to the spinor basis with (e i ) α β = γ(e i ) α β so, e.g. (e b ) 1 2 = 1 and its other components are zero. We then compute the matrix
which gives the results as stated ♠ We see that the Dirac operator is not the naive ∂ that one might write guess without a spin connection. This is not the same phenomenon as for S 3 in [7] . 
we can calculate the right translation operator of α : we can totally explicit the Dirac operator (6.25). With the help of mathematica, we calculate the eigenvalues of this Dirac operator which are the values given in the proposition.
Discussion
We use the powerful software Mathematica to solve the torsion cotorsion equation (5.16). We find a difficult solution for the Levi-Civita connection A because A a and A d have 4 components on the basis of 1-forms. When we tried to compute the lifting and the Ricci curvature as in [4] , we need Ψ but we didn't know how to calculate it. This gives rise to a very difficult Dirac operator (6.25 ). This case is very different of the case of D 6 given in [1] because it is not the naive ∂ without a spin connection. We try to give an exact expression for the eigenvalues but the calculus time are too long and Mathematica was not able to finish it in a finit time. Finally, because we didn't know exactly the expression of the eigenvalues. We were not able to compute the eigenmodes of the Dirac operator found previously.
